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1 Introduction and summary 

In this note we return on the characterization of the Carleson measures for the 
class of weighted analytic Besov spaces B p (p) considered in [XRS1J, Theorem 
1. Since our first paper on this topic, we have found shorter or better proofs for 
some of the intermediate results, which were used in proving various extensions 
and generalizations of the characterization theorem, [A~j 1 ARS2] [ARS3] . Here 
we assemble these new arguments to give the characterization theorem a self- 
contained, short and simple proof. Recall that a positive measure /j on D is 
Carleson for B p (p) if 



Here and below, C(p) is a generic constant depending on p, p and p alone. The 
basic idea in proving Theorem 1 in A I i S 1 was that, for / in B p (p), the quantity 
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(1 - \ z \ 2 )\f'( z )\ = A *P 



can be assumed to be essentially constant, at least on a metaphorical level, on 
Whitney boxes in the unit disc D. Here A is the backward difference operator 
on the dyadic tree T of the Whitney boxes, A%p(a) = ip(a) — and its 

inverse operator is the discrete Hardy operator I: If {a) = J2o<p<a where 
o is the root of T. The metaphor can be made precise in such a way that the 
problem of characterizing the Carleson measures is completely reduced to the 
characterization of the Carleson measures for B p (p), a discrete version of B p {p) 
[A"] |ARS2] . Such characterization was proved in |ARS1] by means of a direct, 
but technical good-A inequality. Here we reproduce an alternative, short proof 
from [ARS3 , consisting of a simple interpolation argument. 

In this note we make two observations which lead to an improvement of the 
Carleson measure theorem. The first is that the discrete function ip — IAip 
is directly related to the radial variation of the Besov function /. The second 
is that the characterization of the Carleson measures for with the new 

proof, allows us to consider measures p living on D, the closure of D. This leads 
to the proof that a measure p on D is Carleson for B p (p) if and only if the 
Carleson inequality holds with / replaced by its radial variation V(f), 

f_v(fydp<c{pY\\ff {p) . 

Jo 

The result for the radial variation is related with Beurling's Theorem on excep- 
tional sets for the Dirichlet spaces [B]. We will return on this subject in future 
work. 

There is a vast literature on Carleson measures for weighted analytic Besov 
spaces. See, for instance, [Car] [Stej [KSj [V] fCVj |COj . We single out Carleson's 
pioneering paper [Car], dealing with the Hardy space (H 2 = B 2 (l — \z\ 2 ) can 
be seen as a weighted Dirichlet space, which is not included in the family of 
the spaces B p {p) considered in this note), from which the Carleson measures 
took their name; and Stegenga's article |Stej . which was the first dealing with 
bona fide Dirichlet spaces. Stegenga realized that the Carleson measures for the 
Dirichlet space V = ^(l) could not, unlike the Hardy case, be characterized by 
a simple "one-box condition" of Carleson type. He gave a capacitary condition 
to be checked on finite unions of Carleson boxes. Later on, non-capacitary, 
one-box characterizations were given and this note presents one of them. 

Here is an outline of the paper, in §2 we state the main theorem and we give 
some preliminary results, in §3 we develop the needed discrete material, in §4 we 
finish proof of the main theorem by a duality argument. The logical structure 
of the proof and most of the technical details are the same in the general case 
and in the Dirichlet case: the reader might set p — 2 and p = 1 without missing 
the essential features of the proof. 

The first author would like to thank the organizers of the Thessaloniki conference 
for their kind hospitality. 
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2 The main theorem 

Let 1 < p < oo and let p be a pointwise positive, measurable weight on D. The 
analytic Besov space B p (p) contains the functions / which are holomorphic in 
KS such that 

I|/||b pW = (|(1 - \z\ 2 )f\z)\ P p(z) \ 1/P + |/(0)| < +oo. (1) 



Here, dA(z) = ^^M. j s normalized area measure. See [Zhuj for the general 
theory of these spaces in the unweighted case. Note that Bi{\) = 2? is the 
Dirichlet space, for which we have an inner product that we denote by < •, • >x>. 
Throughout this note we assume that the weight p is p- admissible, i.e. that 

(dual) the dual of B p (p) under the duality pairing < •, • >£> is B p <{p l ~ v ); 
(reg) there are constants < c < 1 and C > such that p(z) < p(w) whenever 

< c. 



1 - 

Condition (reg) says that p changes by a bounded factor in balls of fixed hyper- 
bolic radius. Recall the hyperbolic metric is given by 

ds * = H a 

(i-M 2 ) 2 ' 

Although we do not make explicit use of it, the hyperbolic geometry is the right 
setting for thinking of analytic Besov spaces. 

A characterization of the p-admissible weights in terms of a boundary A p 
condition follows easily from Bekolle's Theorem [B] on Bergman projections; see 
[ARS1 §4 and §5, for a discussion. We mention that p{z) = (1 — |z| 2 ) a , a > 0, 
is p-admissible for < a < 1. 

A positive Borel measure p on D is a Carleson measure for B p {p) if for all / 
in B p {p) the radial limits 

f(e lt ) = lim f{re lt ) 

r—>l 

exists //-a.e for e lt in <9B and if 

\f'(z)fdn(z)\ ^ <C(p)\\f\\ Bp{p) . (2) 

In literature, generally p is defined as a measure on D. We can however extend 
any such p by p{E) = p(E flD), so that the requirement on the radial limits is 
vacuously fulfilled and ([2]) holds with p instead of p. 

The radial variation of a function /, holomorphic in D, is the function V{f) : 
D — > [0,+oo], 

V(f)(Re it )= j R \f'{re u )\dr. 
Jo 

We can now state the characterization theorem for the Carleson measures. 
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Theorem 1 Let 1 < p < oo and let p be a p-admissible weight. Let p be a 
positive Borel measure on D. Then, the following are equivalent. 

(Car) p is a Carleson measure for B p (p). 

(VarCar) fi satisfies the Carleson inequality for the radial variation: 

\V(J)(z)\*dn(z)} ^ <C(p)\\f\\ Bp(p) . (3) 

(TreeCar) p is a Carleson measure for the discrete Besov space B^{p). 
(TC) fi satisfies the tree condition 

£ Km/ {P)p l - pl 03) < C(p)p(S(a)). (4) 

Throughout this note, p' denotes the exponent conjugate to p, p^ 1 + p' = 1. 
See below in this section for an explanation of the terminology used in (TreeCar) 
and (TC). 

The proof of Theorem Q] is divided into several steps. At the end of this 
section we show that (TreeCar) (VarCar) =>■ (Car). In §4 we will show 
that (Car) =>■ (TreeCar). In particular, the problem of characterizing the 
Carleson measures for B p {p) is reduced to a discrete one, the equivalence of 
(TreeCar) and (TC), which will be proved in §3. 

Consider, now, a dyadic Whitney decomposition of D. Namely, for integer 
n > 0, 1 < to < 2", let 

„ f „ „ i , _ m — 1 arg(z) m 

n ' m \ ~ 2" ~ 2?r ~ 2™ 

Each Whitney box is approximatively a hyperbolic ball of unitary radius. Namely, 

< c < 1 



1 — zw 

for z, w in D rit . m , with c independent of n and m. 

It is natural to consider the Whitney squares as indexed by the vertices of a 
dyadic tree, T. Thus the vertices of T are 

{a\a = (n, m), n > and 1 < m < 2™, m, n £ N} (5) 

and we say that there is an edge between (n, to), (n 1 , to') if and D( n i m ^ 

share an arc of a circle. The root of T is, by definition, o = (0, 1). Here and 
throughout we will abuse notation and, when convenient, identify the vertices 
of a such a tree with the sets for which they are indices: A Q = a. Thus, there 
are two edges having (0, 1) as endpoint, each other box being the endpoint of 
exactly three edges. Given points a, fi in T, the geodesies joining a and (3, [a, [3], 
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is the set of vertices one has to cross to go from a to (3, following the edges of 
T. The distance between a and (3 in T is d(a,(3) = jj([a, /?]) — 1. 

The choice of the root induces a partial ordering on T: a < (3 if a £ [o,0\. 
For a in T, we define 



S(a) = \Jp> a 0, S(a) = S(a), is the closure of a in D, dS(a) = S(a) - S{a). 

The immediate predecessor of a ^ o is the unique point a^ 1 = (3 on T such 
that (3 £ [o, a] and d{a,(3) = 1. Given a function r/> : T — > C, we consider the 
backward difference operator 



Aip (a) = 



ip(o) if a = o 

ip(a) — tp(a^ 1 ) if a ^ o 



and its inverse, the discrete Hardy operator 

o<fj<a 

We have Ao7 = /oA = 7rf, the identity. Since an admissible weight satisfies 
(reg), we can identify it with a weight p on T. For instance, by letting p(a) = 
tK J a p(z)dA(z). With slight abuse of language, we call p = p, using the same 

name for the weight in D and in T. The discrete Besov space Bj(p) is contains 
those ip : T — *• C such that 

IMIbJ(„) ^ E I^WIMa) < oo. 

Given a positive measure /i on D, we associate to it a measure on T by the 
obvious formula p(a) = J a dp(z). The measure p is a Carleson measure for 
Bp(p) if the inequality 

j2m*)\>(*)<c(»m\ p B T {p) 

aeT 

holds. 

However, we want to consider measures p with support in IB), hence we need 
consider boundary measures on the tree. The reader who is just interested in 
Carleson measures supported on D can skip the following paragraph. 

The boundary dT of T consists of the infinite tree geodesies ui leaving o, 
u> = [u>o = o, u>\, . . . , u> n , ■ ■ ■ ), with ojj in T. Here, for each j > 1, Wj-i and loj 
are endpoints of an edge. We extend the partial ordering to the closure of T, 
T = T \J dT, setting uij < lu when u> lies in dT and ojj is an element of co. We 
give T the topology having as basis the sets 

S(a) = {lu e T : oj>a}, aeT. 

Also, consider the sets 

S(a) = {uj & T : uj>a}, dS(a) = {uj £ dT : uj>a}, a£T. 



5 



For each a <G T, viewed as a Whitney box, let 1(a) = S(a) (~1 <91D> be the corre- 
sponding boundary arc. The map <I> : u> ~ [luq, u>±, ■ ■ ■ ) i— > r\jl(u>j) is a corre- 
spondence from dT onto <9B, which is 1 — 1 but for a countable set and which 
sends Borel sets into Borel sets. Given a measure v on dH>, let v = $*v be 
the pull-back of through $. Since a measure \i on D can be decomposed as 
A 1 = Mb + Mod, with supported on <9B and pn(dW) = 0, we can pull-back 
any positive Borel measure on D to a Borel measure ft on T. With abuse of 
language, we set ft = fj,. We extend the definition above by saying that the 
measure \i supported on T is a Carleson measure for B T (p) if 

j_\^)\Vd^)<C{»)\\nlT (p y 

The inequality can be rephrased in terms of the operator /, 

JjM^dp^) <C(p)Ml P{Tp)1 (6) 
where I extends to boundary points u in dT by 

and where |M|£, (3>) = (EaeT Wi a )\ P P{ a )) ^ 
We continue with some elementary estimates. 

To each funtion / in B p (p) we associate a function 93 : T — > [0, +00) as 
follows. If « G T and a/o, 

A V (a) = (l-Ka)|)|/'Wa))|, 

where z(a) S a and 

|/(z(a))| = sup|/H|. 

We also set <p(o) = |/(0)|. 

Lemma 2 \\f\\ Bp (p) ~ IMIuj(p)- 
Proof of the Lemma. 



!l P B p(p) - l/(0)l p + E / I(l-I*| 2 )/'(*)IW 



cL4( 



(1 



< l/(0)| p + C^ / n ^L ' K 1 ~ \z(a)\)f(z(aWp(z(a)) 
~ ^(Aa) p p(a) 



IMIm-(p)- 



In the other direction, consider for each a eT the disc B(a), a hyperbolic disc 
having hyperbolic radius independent of a, such that a is contained in B(a) 
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and such that the hyperbolic distance between da and dB(a) is bounded below 
by some positive c (or, which is the same, such that the Euclidean distance 
between the two boundaries is bounded below by c(l — \a\)). By the Mean 
Value Property and Jensen's inequality we have, if a =/= o, 



(A^(a)f = ((l-\z(a)\)\f'(z(aW 



(l-\z(a)\r 



7T 



\B(a)\ 



f'(z)dA(z) 

B(a) 



I' 



< ^ {l _ HaW _A_ i |/v.)|" ( /.ic] 



i-IW) 



lB(a) 

, p dA(z) 

2^2 ' 



W 1 " J W| (i-N 2 ) 

Summing over a and taking into account the fact that each point in P belongs 
to a universally bounded number of discs B(a), we have 



<p\\ BT{p) < |/(0)| p + C5>(«) / |(l-|z| 2 )/'(z)| P - 



ll/ l|P 



B P (p)- 



(i-N 2 ) 2 



The function can be extended to a function cp : T — * [0, +oo], denning 

oo 

¥>M = ^A<£(w i ) 

3=1 

when w belongs to 9T. 

Lemma 3 If uj e T and Re lt G u or if uj e <9T and i?e 4 ' = e l * = w, i/ien 

V(/)(ife ft ) <C^M. 

Proof. Let u> € T and let [uj, o] be the geodesic between o and u in T. We 
have: 

V(f)(Re u ) < £|/(0)| + |/'(z)|d|z| 

< ^l/(o)| + 5>- K"30l)l/'(^-))l) 

■ 

From Lemmas [2] and [3] we have that (TrccCar) (VarCar), 

f(/) P ^ < / V p d^ < C(fj,)\\<pf BT{ ) < C(»)\\f\\ Bp{p) . 
On the other hand, (VarCar) trivially implies (Car). 
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3 Carleson measures on trees. 

We prove that (TreeCar) is equivalent to (TC). We rewrite (TreeCar) in its dual 
form, 

W / gdp) pt-v'ia) < C(p) fgp'dt* for g > 0. (7) 
\Js(a) / Jt 



a£T 



In fact, (TreeCar) is equivalent to the boundedness of / : L p (T,p) — + L p (T,p) 
(see (JSJl), and this is in turn equivalent to the boundedness of the formal adjoint 
J* of/, 

Jj:L^(T,/*)-.i/(T, /"*•'), 

where duals are taken with respect to the L 2 (T, 1) and the L 2 (T, p) inner prod- 
ucts, respectively, 



< >L 2 (T : 1) = < ^/,.9 >L 2 (T. 



(?>) 



Below, we use the obvious fact that [L P (T, p)]* = L p ' ' (T ', p l - p ') under the 
L 2 (T, l)-inner product. A simple calculation shows that 



= /_ 9<lfJ>, 

JS(a) 



so that (TreeCar) is equivalent to ([7]), and it suffices to consider positive g's. By 
taking g = Xs( a )' we see * na * © implies (TC). Set cr(a) = p x ~ p (a)p(S(a)) p . 
We rewrite © as 

( -^-7 / gdp) *(a) < C(p) [ g p 'dp (8) 

Observe that the tree condition (TC) assumes the simple form 

a(S(a)) = ]T a((3) < C(p)p(S(a)). (9) 

/3>a 

Theorem 4 Inequality f3|) holds if and ony if condition (0) holds. 

More generally, consider the maximal function M defined on positive func- 
tions g : T -»■ R, 

Mq(a) — max — — / qdp, a £ T. (10) 

o<p< a p(S(/3)) h w ^ 

Then, the inequality 

(Mg(a)f a(a) < C(p) f_g p ' dp (11) 

aeT Jt 

is equivalent to f]J). 



8 



See |ARS3| for some variations on this theme. 

Proof. Condition ([9]) is already necessary for the weaker ||5J). Let us turn 
to sufficiency. The sublinear operator M is bounded with unitary norm from 
L°°(T,fj,) to _L°°(T, a). By Marcinkievic interpolation, it suffices to show that 
M is of weak type f - f . Let A > and consider E{X) = {a <E T : Mg{a) > A} 
and let T be set of the minimal points (with respect to the partial order of T). 
Due to the tree structure, 

E(X) = □ 5( 7 ). 
7er 



Hence, 



a(E(X)) = $>(S(7)) 

< C(m)^m(^(7)) 
7er 



7er' 

-l 



gd/j, 

5(7) 



< C(fi)\~ _ gdfi 
Jt( 7 ) 



4 Proof that (Car) => (TreeCar) 

. Let F, G be holomorphic functions in D, 



F(z) = J2 a nZ n , G(z) = ^6„z„ 





Their Dirichlet inner product is 



oo „ 

(F, G) v = V mA = F(0)G(0) + / F'{z)G 7 ^)dA(z). 
o Jd 

The reproducing kernel of 2? with respect to the product (•, -)x> is 

1 



b z (w) = 1 + log 



1 — wz 
i.e., if / G T>, then 



f(z) = (f,^)v= [ f(w)(l + log-^—] dA(w)+f(0). 
Jo V 1-zwJ 
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Lemma 5 Let p be an admissible weight, 1 < p < oo. If G € Bp/^p 1 p ), then 

G(z) = (G,<f> z )v. (12) 
Now, let p be a positive bounded measure on D and define 



{F,G)„ = (F,G) L 2 W = _F(z)G(z)dp(z). 
Jo 

The measure p is Carleson for B p (p) if and only if 

Id : B p (p) -» L p (/i) 

is bounded. In turn, this is equivalent to the boundedness, with the same norm, 
of its adjoint O = Id* , 

where we have used the duality pairings (•, -)t> and (■, -) p , and the assumption 
(dual) on p. 

By Lemma 

8G(z) H©G,^)2> HG,<Ml^) 
1 



1 + log 



1 — zw 



G(w)d(j,(w). 



Without loss of generality, assume that supp(/x) C {z: \z\ > 1/2}. Consider, 
now, functions g G L p (//), having the form 

g(w) = l -^-h(w) 

w 

where h > and h is constant on each box a € T, h\ a = h(a). The boundedness 
of O implies 



C / \h\ p dp 



\g\ p dp 



> ll fflls p ,(pi-p') 



> 



i-N 2 , u , , 

— \w \n(w)an(w) 

1 — zw 



i-p' _ 



dA(z) 



(i-N 2 ) 5 



For 2 e ID), let a(z) £ T be the Whitney box containing z. By elementary 
estimates, 



1 — 



(13) 
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if w € D, and 



Re 



1 - zw ' 



for some universal constant c. Using this, and the fact that all our Whitney 
boxes have comparable 1 
the chain of inequalities 



boxes have comparable hyperbolic measure, J a (-^^lyi ~ 1, we can continue 



> 



> c 




1 



\zf 



zw 



\w\h(w)dfi(w) 



P 



l-p' 



dA{z) 



(1 



|2\2 



S( a (z)) 



m(dz) 
ma 



(1 



h(u>)dfi(uj) p(a) 1 - p ' 



IS{a(z)) 

The chain of inequalities above shows that 

is a bounded operator. In turn, this is equivalent to the boundedness of 

which is (TreeCar). 

This end the proof of Theorem [TJ 

The duality argument used here ceases to work for the Hardy space. If one 
could prove Theorem [1] for the Hardy space, it would follow that the radial 
variation of a function / in H 2 be finite a.e. on <9B, since the circular measure 
on 9D is Carleson for H 2 . But there are functions in H 2 with infinite radial 
variation a.e. on 9D>, so we have reached a contradiction. 

See [ARST] and |AR] for more information on this aspect and for explicir 
examples of Carleson measures for H 2 which do not satisfy (TC). 
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